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1. Introduction

In this paper we consider a mathematical model for the behaviour
of the North Sea under a storm. In this model the North Sea is repre-
sented by a rectangular bay which is bounded on three sides by coasts
and which at the fourth side borders on an ocean., The depth is assumed
to be uniform. For the sake of simplicity the longest axis is assumed
to coincide with the North-South direction. The southern border then
corresponds with i.a. the Dutch coast and the middle of it roughly
with the position of Den Helder. The influence of a storm is expressed
through the stress 1t exerts on the surface of the sea. This stress
(U,V) may be depcndent onthe coordinates (x,y) and the time t.

The mothematical problem is formulated in section 2 as a set of
linear partial differential equations (2.1) with boundary conditions
(2.2) for the components of the total stream (u,v) and the elevation
y. After removal of the time variable by means of a Laplace trans-
formation (2.8) elimination of W and ¥, the bar indicating the Laplace
transform, leads to an elliptic partial differential equation of the
Helmholtz type (2.11) for ? . The determination of ¥ follows in two
steps. The first step consists in solving the problem for the strip
O<x<m™ i,e. without paying attention to the boundary conditions at
the coast yfp %pd the ocean y=b., If ?o represent such a solution the
difference T‘"To may be considered as a free motion in the strip
O¢x<w , It is possible to determine this free motion which consists
of a linear superposition of two Kelvin waves and 2 x o0 Poincaré waves
in such a way that thec coast condition at y=0 and the ocean condition
at y=b are satisfied,.

The solution ?o of the strip problem requires the solution of
the corresponding problem of Green. The latter problem is solved in
section 3. In order to avoid overloading the analysis in the remainder
of the paper the special case of a uniform Northern wind is considéred.
Yet this particular case which is considered in section 4 shows all
peculiarities of the general problem. However, in that case ?5 can
be found without taking recourse to the Green's problem. The explicit
expression of ¥ (4.12) involves a set of coefficients A and a set B_
(m=0,1,2...), where A, and B_ belong to the Kelvin waves, A, (m=1,2,3...)
to the Poincaré waves at the coast y=0 and By (m=1,2,3...) to the Poin-

2
4
4
carc waves at the oczan, Aggsuming b to b sufficiszntly large the Poin-
f s s o ok, &3 :
carc waves at the coast y=0 anéd those at th. ocean at y=b do not inter-
act. Therefore the coast condltion which is considrp. 8 1in scctioh 5

0

glves a 8.t of Iincar roelationg be tween A m=0 _ 1.9 - 1 11w
Zives a 8.t of lincar rclations b tweon AL (m=0,1,2...) and B, only,
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In a similar way the ocecan condition which is considecred in
section 6 gives a set of linear relations between Bm (m=0,1,2%)
and Ao‘ It is now possible to. determine the coefficients by means
of some iterative process.

some information concerning the analytical dependence of Am
and Bn on p,» and Sl can be obtained by considering the limit
cases L. — 0 and L -sco., If € is small we may consider § to be

5 m’Bm
in rising powers of r eventually leads to the approximation (7.1)

dependent on the parameter groups g and r only. Expansion of A

of section 7. In this approximation only the first-order correction
is given. This correction vanishes at the North-South axis and shows
that in a first approximation the rotation of the Earth gives rise
to a skew-symmetric obliqueness of the sea-level. If £ is large ?
may be considered to depend on s and O only, s being moderate and

O small., In a similar way scries expansion in powers of © results
in certain approximations of the coefficients Am,Bm which are to be
found in the sections 5, 6 and 8. The first-order approximation of
? at the South-coast takes the simple form (8.6). We note that in
this approximation ? is uniform along the South-coast. A second-
order approximation is given by (8.5), (8.10) and (8.13). Then a
slight skew-symmetric dependence on x becomes apparent.

In applying the results obtained above +to the North Sea we
note that the assumption of a large value of b certainly is correct,
However, the value of £ is rather large and the results pertaining
to small £ (or rg) must be congidered as being of theoretical
interest only. On the other hand the approzimation (8.6) derived
for small 6 and moderate s appears to be quite good which has been
confirmed by numcrical work.

Numerical applications will be considered in the subsequent
paper.
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2. The mathematical problem

The problem can be described mathematically by the equations
of motion (I 2.6) and the equation of continuity (I 2.7)

' (-a—aE"l—'?\)U“«Q.V +c‘*§-f—
X
o 2 s = 2_?_,.?_
{21 ¢ (5? FA)V + Qu + oc 5=V
ou 2k f
: 2x © 3y T g

and the boundary conditions

U = 0 for X = 0 and =%
(2.2) v=0 for y=0
=0 for y=05

{i
s}

The components U and V of the wind force are related to the velocity
of the wind at sealevel vy 1n the following way (see II 2.4)

2 &
(2.3) UP4v° = 3.0 x 1070 v 2,

S

For the problem considered here dimensionless quantities will be
introduced according to

(x,y) — xa (x,y) t—x lac Ty

(2.4) (W,v) — h e (u,v) f —> hf
(U,v) ~+.ra"1h02 (u,v).
This has the effect that the constants ¢ and a occurring in (2.1) and
(2.2) can be formally replaced by c=1 and a=x respactively,
For the numerical application to the North Sea case the follow-
ing numerical values will be chosen (see IT section 2)

a = 400 1m Q= 0.43 ™’
(2.5) b = 800 km A =0, 2.0
h = 65mn ¢ = 91 km/h

If these values are substituted in (2.4) the dimensionless time scale
becomes 1.4 hour. The dimensionless values of £i.,A and b are ap-
proximately

£
(2.6) {

Il
(@]
[0)

b = 2%,
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The relation (2,3) is in dimensionless form

(2.7) VUu2® = 0.93 x 1072 v 2,

s
A general discussion of the problem (2,1) (2.2) has been given
in I section 2. In order to avoid continuous reference to the first
paper of this series the most important formulae will be repeated
here. The Laplace transformation

= i oo
(2.8) T ey,0) “EF [ TP g(x,y,t)at
o
changes (2.1) and (2.2) in
e — I
(p+2)u AV + 54 =T
(2.9) (p+n)V + JLG+%§=V
20 XY 5
5—}-{- + "5’;\7 it pja - OJ
and
u=0 for x =0 and x = ®
(2.10) v =0 for y =0
$-0 for y =D

Elimination of U and ¥V gives for ¥ the non-homogencous Helmholtz
equation

2 - -
(2.11) (a-k7)¥ = F(x,y,p),
with
D a0 F _ (20 EY N CA 20
(2.12)  Flxye) = G+ 3 + ey (2 - 2D,

and where

(2.13) k© =" p(pen)+ap(pra) T,
and
(2.14) te ¢ 2 a(oen.

From the equations (2,9) it can be derived that

~12= _ 2§ 2f | = T
(2'/15) D LU= - D5 - tg )’ 537- + U + tg J/ \
T —/I 2-“ —_ 95’. aj—; 7 K =

9] KV = - ;a"_y- o tg / 5—;{ + V - Cgé’ U .

By means of these expressions the boundary conditions at =0, X=%
and y=0 can be expressed in terms of Y . By using (2.15) they can
be written as
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af af 5 T _ 1
(2.16) == + te f 5y = U+ tgy V  for x=0 and x=7,
(2.17) 2 itey 2V tey T for yo,
(2.18) ? = 0 for y=b.

From the formulation of the problem by (2.11), (2.13) and (2.1%)
it follows that ? depends cssentially on the two independent para-
meter combinations k¢ and tg 4/ . The same is true for p"qﬁ and p““v
in view of the relations (2.15). Of course hg and tg J/ may be re-
placed by any other pair of Independent combinations of p,n and < .,
We shall consider two limit cases which may be characterized by either
£ small or £ large. In the first case it is convenient to use the

parameters

2 de o def
(2.19) a” 9€T p(pra) rc 98 p o
In fact we have
(2.20) a =k cos ) r =K Véin;f cos }

In the second case we shall use the groups

% 9] . 1e -
(2.21) = gt Sp(p+a) ;. g 98t (p+a) €L 1,

In fact we have
(2.22) 8 =wx sin J 8 = cotg .

For an arbitrary windfield (U,V) the solution of (2.11), (2.16),
(2.17) and (2.18) may be reduced to that of the corresponding problem
of Green. However, it has not been found possible to solve the latter
problem in an explicit way. Yet an explicit function of Green can be
derived for an infinite Strip O<x <™ , -0 <y <00 with homogeneous
boundary conditions of the type (2.10). This problem will be studied
in the following section. Then by means of the function of Green for
a strip the solution of the original problem for the bay O0<x< ® 3
O<¢y<«<b may be reduccd cventually to that of solving a double set of
an infinite number of linear equations. We shall write

(2.23) ¥ (x,y,0) = ¥ (x,5,0) + f,(x,7,p),

—

where To(x,y,p) 1s a particular solution of (2.11) which satisfies
the boundary conditions (2.16) but not necessarily those at y=0 and
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y=b. Such a solutlon can be deduced from the function of Green for
the strip O<x <, -00<y< 0. Consequently §H(x,y,p) satisfies a
homogeneous equation of Helmholtz and homogeneous boundary conditions
at x=0 and x=w , Hence this function can be composed of the Kelvin-
and Poincaré -waves belonging to the infinite strip 0« X<, -00<y<00,
(See IV section 3) - If Ao and BO are the coefficients of the two
Kelvin waves and A, and Bj (j=1,2,3...) those of the Poincaréuwavgs
the boundary conditions (2.16) and (2.17) each cventually lead to
an infinite number of linear equations. The problem of determining
the coefficients is quite formidable. However, if b is large (see
IV section 7) these equations reduce to the simple form

00 -b
(2.24) “mnfn = %uBy + 0(e™7)
n=0
and - s
(2.25) Z%ﬁman = ph, + 0(e™),
Y=

for m=0,1,2..., and where the order terms represent the contribution

of the terms which vanish for b= oo. The coefficients «_ _, « , B
mn m mn

pm are only used here and have no relation to similar symbols else-

where in this paper.
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3. Problem of Green

The problem of Green for the strip O<x <7 , -00 <y <00 mentioned

in the preceding section may be formulated as follows

l') .
(3-/]) <A"K‘-)G(X9y,v;5°7 :[) S J(K’?) J(y"’?):
with the boundary conditions
g . G 2G _ ~ —
(3.2) = ¢ B 55 =0 for x=0 and x=7,

Further it will be required that for | v]—> 0o the function of Green
is of the order exp- ely|, where € is an arbitrarily small positive
quantity.

From Green's theorem it can ecasily be derived that

(j-3> G(X3YS?’ 7:/) = G(?,oy,x,y,-/).

"When G is known the function fo(x,y) which satisfies (2.11) and (2.15)
follows by means of the same theorem

- x K

G.%) $00y) = - [ [ 6(x,9,5,2, )8 (5.9 )ag dy +
do ‘o
00 - 00 B
G(x,¥,0,7 ,))T(0, 7)dn+ [ G(x,7,% 7 ,)F(w, »)dny

3o -C0 .
where
(3.5} T(x,y) = T(x,v) + tg y V(x,y).
Substitution of (2.12), (3.5) and partial integration gives

= 0 T

2 = _....a....... o _?_~T_'~_?)_- ..a_r 3
(3.6) fo(x.7) = v é-ﬂxaj tg f avx‘4\ma7-itg/aﬁy$d;oy.

The explicit form of G will not be derived here systematically
but in the following simple albeit somewhat heuristic way.
The free waves of the strip arc the Kelvin waves and the Poincaré

waves (see IV section 3). The Kelvin waves are

(3.7) exp + (8x - qy).
The Poincaré waves are for n=1,2,3...
.._))ny
(sin nx + 6, cos nx)e
(sin nx - 6_ cos nx)e s
n
where
d 2, .2

(3.9) R e Vintir®

and
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- def n
£%.70) g, = ;:—@

In view of the symmetry relation (3.3) we shall try to represent G in
the following way

(3.11) G =0 ef (XJFf -75) Q(&’""Z)+

Q0 =¥ 00— }
+ ) Cn(sin nx+® _cos nx)(sin n§+6 cos nyg )¢

for y > and
(3.12) @ =c¢ e 8{x+f-mraly-7) |

B 5 e g - v {7-7)
+ 2;% ¢, (sin nx-8 cos nx)(sin n§ -6 cos n§)

o}

for y < 7 .

First continuity at y= % requires that

il
@

_ 00
(3.13) C sh s(x+;«"m) + 5;% 8,C_ sin n(x+;)

substitution of (3.11) and (3.42) in (3.1) gives, using differentiation

in a generalized sense,

. 2

(3.14)  (a-x%)a ={:‘,—y— C(y>n) - 5% 6(y<n)} I(y-7) =
= {wEQCCYIS(X+§wK)+

_EZ v O (sin nx sin n§ + o, —— cos n§ )} Iy-7).

Since by differontlatlon of (3.13) it follows that
0

0 .
2 , -

(3.15) 29C ch s(x+§-w) + 2 gﬂ ¥.8, C, cos n(x+§) = 0
the right-hand side of (3.14) reduces to

’ 2 1 ) !

(3.16) { 2; n°ts )Vn ¢ sin nx sin n§ } I(y-7).
Therefore we must have that for O <X,§ < T

sl B = 2By, =, . : 5
(3.799) ~2K’S g;a (n“+s°) n Cp8in nx sin n§ = I(x-§),

It is possible to satisfy the relations (3.13) and (3.17) for the same
coefficients. We have

3 18 Ch=-7 mow o

and




(3.19) C = —=
2
2k sh sw
Substitution of (3.18) and (3.19) in (3.11) and (3.42) gives the
following explicit expression

)
(3.20) G(X,5, 5,75 f) = st o @ {(xt+i-m) -a(y-7 )},
2k sh sw
o =W | =i
¥ "Eg Z; mﬁrm?-(sinlﬂH-G@nCOSynQ(Sin n§+e0 cos ny e n' oot
T n=1 n +s

where

(381 = sgn(y- 7).
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4. Solution for a uniform windfield

For a uniform windfield the solution §o of (2.23) can be ob-
tained in a direct way without using the Green's function which has
been derived in the previous section. In particular we shall consider

the case of a uniform "northern" wind
(4.1) U =0 V = V(t).
Without loss of generality we may take
(4.2) V(t) = - ¥(t)

1.e. a momentary "Northern" disturbance. Hence we have ¥ = -1,
According to (2.11) and (2.15) the problem can be rcformulated by

5 2 2\
(4.3) (-~g+3~?~ -k )3’:0,
22X CAM
I 2 L’_ ?5; e '057’
(4.4) e . ug)’-—_};«tg,}’ "
- 2V _  3F 2F
(4.3) K % = . 5§ + tgaf5i, 1 %
with the boundary conditions
(4.6) u=0 for x =0 and x = © ,
(4.7) Vo= 0 for y =0,
(4.8) f=0 for y = b
Supposing that U_,V_ and ¢ depend on x only it is ecasily found
R To
that B
u :
(4.9) MR- {1 . thw ﬁftﬁ)__} ,
P K ch K™
2 b :
(4.10) ol . {1 + b oo (75“"?1)..} ,
P 2 = ol e
(8 chs kT
and
_— . Ve rir
(%.11) ¥, = tgy ShElgmex)
0 1
K chsxw

The elevation yq represents a free motion in the channel O< x < 1
and may be considered to be a linear superposition of the two Kelvin
waves (3.7) and the double infinity of Poincaré waves (3.10),

Following (2.23) we put

~O(X5p) + Aosh,{s(x_ﬁw)_qy} + B ch {S(XM%W)~qy} +
“vny

=
©
+ 2_ n A (sin nx+O cos nx)e +

?(X,”,D) =
(4.12)

. "yn(b'“y)
+ 2, 0 B.(sin nx-6_cos nx)e a
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where g and s are given by (2.19) and (2.21) and where 0, 1s deter-
mined by (3.10) and (3.9).

The components of the total stream of the Kelvin waves and the
system of Poincaré waves are given in the following table where «
is defined by

def r2
(4.13) « “=F L n=1,2,3...
ny
n
o
and where r® is given by (2.19).
Kelvin waves Poincaré waves, n=1,2,3,
r— ) [} .
u/p 0 +(n“+s“)sin nx exp ¥ Yy
V/p | + exp 4 {S(x«%ﬁﬂ~qy} n;h(cos nX + & _Sin nX)exp ¥'vny
: . o) i —
¢ a exp + {S(x~§7@“qy} r"yn(31n nx+0, cos nx)exp Yy

table 4.1
Then for the components of the total stream we have
p

oo 2. 2 -V ¥
M 1 = 1 n-+s : n
(H.14) 5 u(x,y,p) = S uo(x, )+ »E-nzq -;;i?~An81n nx e +
0 2,2 SRS
- Z: n=+s 1 . n
— — anj_n nx e

i®)
S

and i
4 s 1 ;
()'I‘o/IB) ‘p" V(Xsy.s’@) = 5 VO(X3L0> + 1 Aoch{s(x_éw) _qy} ¥
N é Byshi{s(x-3%)-ay} +
o -y 00 i
hi? Z; hes TSI e B - ?% K Bn(COS nx—mnshanx)eﬁ43yl

The coast condition (4.7) gives by substituting y=0 in (4.15)
s A ch s(3w-x) - s B, sh s(iw-x) + > An(cos nx+« 8in nx) =
(4.16) ;“

where the order term represents the contribution of the Poincaré

|
{‘Ol N

waves at the ocean boundary. If b is sufficiently large this contri-
bution can be neglected. The condition (4.16) will be discussed in
section 5,
The ocean condition (4.8) gives by substituting y=b in (4.12)
~Aosh{s(§m~x)+qb} + B ch{s(fx- x)+ab} + 2:11 (sin nx-6 _cos nx)=
(#.17) sh k (sw.-x)

k ch 3kw

= ~tgy + o(e"b)

3
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where in a similar way the order term represents the contribution of
the Polncaré waves at the coast y=0. The condition (4.17) will be
discussed in section 6.




5. Coast condition

From the coast condition (4.16) a set of linear equations can be
derived by cxpanding both sides of (4.16) in a pure cosine series and
equating corresponding coefficients. For convenience we shall intro-
duce the following notations

2 [ s(zmw-x)
(5.1) 8. = = /oosxmie 2 dx,
0
A Y
(5.2) Pmn = = jﬁcos mx sin nx dx,
)
& w - I
(5.3) Vo = -*ﬁ‘/ cos mx {1 + tg gy gh elzwx) } dx.
™~ 0 ch ¥xwx

Performing the integrations we fing

N o)
m even 5 = =5 gp %zrw/(m“+82)
(5.4) vor
I
m odd S, = ﬁ;-ch %:sx/(m2+82).
m+n even r = 0
mn
1d r LB
AR mh T ¥ TPT -
n<-m
2 2. th #x=w
Vo= S541 + ¢ 2
0 e {? g d 3w
s} = L
(5.6) m even ¥, o= e Eg-g D e
" m+ & LK™
m odd v = 0,
m

Then the result of the cosine expansion of both sides of (4.16) is
with omission of the order term

()]
63!
=
It
~
<
rjm
I
lo
|D
=

5 m even A = -3 8 A +pv . p~% .m0,
(5.7) m “m 0 m ‘ 2*1 nv_ ' n

m odd A = s g B . pS ) _mn A,
m m 0 Vit I’]Vn n

)

whera 2:1 denotes a summation over odd indices n=1,3,5.., and EZL
onc over even indices n=2,4,6... . This system which is of the form
(2.24) can be solved by means of an iterative process. The ultimate
result may be written in the form

(5.8) A = ¢

-b i
m m(Bo) +0(e™), m=1,2,3...

3 N g
It is obvious that Am = 0(m™%) for m — oo since the Am are the coef-




A -

ficients of a cosine expansion.

We shall consider the system (5.7) in the two cases which are
characterized by either £ small or .0 large. In the first case we
shall take g and r as independent parameters. Then the cocfficients
Am may be considered as a power series in Pg. We note that

s = r°/q 5, = 2 + o(z")
)
(5.9) Ty 2/q2+O(PL) 8., = O(PM) forfm even
I )
Vi = O(rf) s = —%i + 0(r”) for m odd.
m“w

If we assume that B, = 0(1), which will be confirmed in the next
section, where the ocean condition is considered, it follows from
(5.7) that

a=a""+ o(ct
57 8
(5.10) A, = —5 B, + 0(r") for m odd
wm 6
A= 0(r) for m even.

In the second case s and 8 will be chosen as the independent para-
meters, Then the coefficients Am may be considered as power series in
8. We note that

2 2 2 2, 2
r- =08 = = (1407 )s“
1
(5.11) V= s th 28T 4 0(1) for me0,2,4. ..

M 0%(s +m2) 57

If we assume that B, = 0(6‘1) which again is confirmed later on it
follows from (5.7) that

A = . + 0(1)
s chs
(5.12) A= s, 8B, + 0(8) for m odd
A = 0(1) for m even,
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6. Ocean condition
The ocean condition (4.17) calls for a more extensive treatment,

This relation will be written as
00

(6.1) EZ; n"an(sin nxuencos nx) = p(x),
=
where
(6.2) #(x) = Aooh {s(bw -x)rap} - B ehfs(dr-x)+ab } -tg p SRR (rex) |
0 i ch 72 KTS

5 , . ; : 4
Expansions of this kind have been studied elsewhere ). A summary of
the results will be given below, We note that for 0 —» 0

(6.3) &, =6+ o(n"'g).

Therefore the properties of the expansion (6.1) are very similar to
those of the Simpler expansion

(6.4) ﬁf'bn(sin nX - 6 cos nx) =g (x)

n=-1
in the interval O<x<w .
The expansion (6.4) is unique and the asymptotic behaviour of
bn 1s of the following kind

(6.5) b, =B o P, Ea bl - L PR L] tus
where
(6.6) O(GSf %-arctg 6 =1 ~ %g !
The expliclt expression of B ds
hio
(6.7) B= - gﬁ cOS8 guw /f@ﬁmq 5x B (x)dx,
T " (x) 0

According to (6.5) the convergence of (6.4) is of subharmonic ordep

unless B = 0 when it is of hyperharmonic order,

To the set sin nx - 0 cos nx, n=1,2,3... a biorthogonal set of functions

. o Tien g K- . e
15 associlated, each being the product of the factor tg 1§x anag a finite

trigonometric sum, We note that
™

(6.3) J[(sin nx-8 cos mc)tg;m"1 2x dx = O for n=1,2,3..,
&)
and that
. Lo ™ 1
(6.9) B0 2% [Tl i ax = 1,
o)

S bt e o e e b e o o e

1) Cf. Lauwerierp L21s
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The properties of the expansion (6.1) can easily be derived from
those of the expansion (6.4). In particular we have for n - 0o
-2+

(6.10) B, =B 0" + (-1)"TBin~% 4 g

where the constants on the right-hand side are not the same of course
as those of (6.5). There exists also an orthogonal function ho(x) with

* the properties
”
. (6.11) {h(sin nx-6_cos nx)ho(x)dx =0 for n=1,2,3...
and
{6.12) ”’ fh Yax = 1.

D )

Once the asymptotic behaviour of the coefficients bn is known
something can be said concerning the behaviour of f and its partial
derivatives at the= corners (0,b) and (w,b) of the rectangular basin.

If at (O,b) local polar coordinates (p, ¢) are introduced by

means of
(6.13) X = p cos ¢ v = Db- psingp
1t follows from (4.12) and (6.10) after some elementary reductions that
for p—0
= L - i
(6.14) ¥ = B sec 3ax Ln{ > n exp i(nﬁ<?“?{§uﬂ:)} +o(1),
n="
and next
(6.15) R MNe)sec Lux jo“& sinxg + o(1),

Hence a solution where § is continuous at (O,b) requires that B=0. It
appears that then also u and v are continuous at this point. A similar
- analysis shows that at (x,b),¥ is continuous for B=0. However, the
partial derivatives of F at the latter point are infinite.
From (6.1) a set of linear relations of the type
00
(6.16) > ®mn By = ¢pBy +d A+ e

m

can be derived in a similar way as in the previous section., A necessary
and sufficient condition for B=0, where B is the coefficicnt of n® in
the asymptotic expansion of B, is

(6.17) jwho(x) ¢(x)dx = 0,
)

Substitution of (6.2) yields a linear relation between A and BO only.
Further linear relations may be obtained e,g., by erpandlng each side
f (6.1) in a sine series and equating corresponding coefficients.

i ol e
PR . S o, Sy o
S o
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The first orthogonal function ho(x) may be approximated by

. o -1
(6.18) ho(x) 2 sin & tg X,
We may also try to find an expansion of ho(x) for the two special
cases of the przceding section,

In the first case where g and r are the independent variables

we have
nq® 1 b
(6.19) 6, = 5~ -3 £ =gq + O(r’
n r
Putting tentatively
) i
(6.20) ho(x) =1+ r"w(x) + 0(r")
it follows from (6.11) and (6.12) that
x , VI
(6.21) J'{ﬂ + ramy(X)+...} { COS NX- -—uy P sin nx }dx = 0
0 nq-
and
™
(6.22) Jw(x)ax = 0,
o)
From (6.21) we obtain at once
T v T
(6.23) j'oos nx y(x)dx = -—% J‘ sin nx dx
0 ng- o
so that in view of (6.22)
, v
(6.24) v (x) = _QH'EZ B cos nx.
: 172
LYol n

If now (6.20) and (6.2) are substituted in (6.17) it follows after
some simple reductions that

(6.25) B, =th ab A_ {1 + o(ru)} ,

so that with the value of A as given in (5.10) we find

(6.26) B, = H9Bf 4 4+ o(r*)} .

For the coefficient Bm a similar treatment is vpossible. In that case

the (m+1)th biorthogonal function h (x) associated to (cos nxnegqsinrm)

n=1,2,3... may be expanded in a similar way as (6.20) by
(6.27) h,(x) = cos mx + r2y_(x) + o(r"),
Without giving details we mention the following results
(6.28) v (x) = é% ;%i ;? Iﬂmn cos nx,
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4
by o 2
1 m 8
- S + —==x) + O(r°)  for m odd
2 4 2. -7
(6.29 T wm<q ch gb  m g
B, = O(r6) for m even,

In the second case where s and 6 arc The independent variables
the ocean condition (6.1) can be written in the form

o0
n"an(sin nx-6 -~ cos nx) = Aosh.{s(%m —X)+qb} +
-B_ch {s(%x—x)+qb} 2 % sh s(z%-x) . 0(e).
S ch 38w

For the first orthogonal function ho(x) we may put in view of (6.8)
and (6.,9)

(6.31) ho(x) == F(x) + e x(x) + 0(e?).

The condition

T
. n
(6.32) {{n‘d’(x) + 6 7 (x)+}{ sin nx-6 e cos nx} dx = 0
for all n »1 leads in a similar way as above to
¢a)
(6.33) Y (x) =2 Z: ﬁﬂ-sin nx,
= n

where the right-hand side may be interpreted as a generalized function.
However, we may also write

0
(6.332) X(x) = cotg 4x - 2 2 {1= ;Ejsin nx,
n="- n

where now the series on the right-hand side of (6.33) converges in
ordinary sense.
In the lowest order approximation the relation (6.17) reduces to

(6.34) f (x [A sh{ 3% -x +qb}—Bch{ 21c-x)+qb}+

_ 8h s(3%®-x) } dx = 0,
® s ch 4s=x

from which we obtain

(6.35) Aysh(}sw +ab) - B ch(isw +qb) = LESE . o(q).

Substitution of the lowest order approximation of A from (5.12) gives
at once the fundamental result

1 Sl
(6.36) B, = sh(ssx +qb)-shisw + 0(1).
6s ch(ss® +gb)chisw




o

The lowest order approximation of the coefficients Bn can be derived
as follows. Substitution of the approximations of AO and Bo from
(5.12) and (6.36) in ¢(x) of (6.2) gives

(6.37) g{z) = =SB _gb - 1 sh sx + 0(1),
©s ch(ssm +gb)chisw

Then from the lowest order approximation of (6.1) viz.
00
- - /1 5 ~r
(6.38) niﬂ n B, sin nx = ¢(x) + 0(1)

it is ecasily obtained that
M ot Veitek _ayn=1_2
(6.39) Bn " r(Ch Qb /])DhéSTC ( /l) n = O(/I).

2

)
® 9s ch($swx +qb) n“+s<

A second order approximation will be discussed in section 8.
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7. Approximation for small A

In this case g and r are chosen as the independent parameters.
Substitution of the approximations (5.10), (6.26) and (6.29) in
(4.12) gives

v— 2 & .l- B _1- x B
F(x,y) = spalb-y) , r { sh_q(3w-x) _ (3m-x)ch q(b-y) ,
q ch gb q q ch 3 gw ch gb
4 - CO8S NX eXp-y n2+q2
(7.1) + % qth gb Z‘_,‘ - v M
' 2 n® V'nZeq2 N
o l.l‘. Z ( n - 1 ) COS nNxX exp—(b.yy) n-+q } &
* L n2+q2 ch gb n-
) .
+ O(PL) + O(e b).
We note that for Q—y w0
o sh g(b-
(7.2) §(x,y) — Shalb-y)
a ch gb

For the components of the total stream it follows then from (4.4)
and (4.5) that '

(7-3) H<X9y) 3 0 5
(7.4) B R(E, ] s
o} ¢h ~qb

gPNQJWM},

As a speclalization of (7.1) we note that at the axis x=iw

(7.5) Fam,y) = 2alb=y) o oty 4 o(e™),

da ch ab
50 that the influence of the coefficient of Coriolis 0 upon the
elevation at the axis is of higher order than elsewhere. Hence the
rotation of the Farth gives rise in a first instance to a skew-sym-
metric obliqueness of the sea-level. Or in Prmula form

(7.6) ¥ (x,5) + Flm-x,y) = 2 F(3%,5) + o(c*) + o(eP)
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8. Approximation for large

In this case the parameters s and © are used, We shall only con-
sider the elevation at the South coast y=0. For the °levation at the
middle (3w,0) we find from (4.11) and (4.12) the result

@
o . -7 s ~-b
(Bs1) ¢ (3w,0) = B, + néﬂ n A (sin nx+@ _cos nx) + 0(e™7),

Substituting the approximations (5.12) and omitting from now on the
order term with exp-b we obtain

G 71 -1 T
(8.2) ¥ (3m,0) = B, {1+ Z1 n”'ss_ sin %nn}+ o(e),
or summing the series
(8.3) $(3m,0) = B, ch 3sx + 0(8),
The elevation at other points of the South coast can be found by using
the first equation of (2.9) which now reduces to

yx s p+h)

so that with (4.9) and (4.14) it follows that

_ 2, D
., = -6 2: ki A.sin nx + 0(8) =
nyn
(8.4) = - = 6B_s Cchbsw 2: g e o 0(8).

ny_
If this is combined with (8.3) we find

(8.5) $(x,0) = Boehsw {1 + 1 6 6° X, COSE’E} + 0(e).
n
This result shows that also in this type of approximation the elevation

is approximately skew symmetric with respect to the middle x=3w
The lowest order approximation of J(x,0) follows from (6.36)

which gives

(8.6) ?(X,O):zgh(%sw-mﬁﬂmshésn + 0(1).
8s ch(2s= +qb)

Hence in the lowest approximation the clevation at the South coast does
not depend on x,

The next higher approximation needs a better approximation of B
than that given in (6.36).

From the system (5.7) it follows that
r

)
(8.7) Ay = —L - 6 B, s cthbom Z, =32+ ofe).
68 chism nv%

Next the second-order approximation of the relation (6.17) gives
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j”?m J(x)+0 x(x))[ Aosh{s(dm-x)+ab}-B ch{s(bv-x)+ap |, +

0
h_Sh'S(ﬁn“X)]dx = 0,

8s chisw
Putting by way of abbreviation
(8.9) A, = —1— toa+ 0(0)
6s chism
1 -
(8.10) B, = sh(zswtab) -shy s + @ + 0(0)

9s ch(4sn+gb)chisw

the relation (8.8) reduces to (cf. 6.37)

(8.11) @Lﬂb“q %‘/'1( sh sx dx + « sh(is= +qb) +
s ch(5s~+qgb)chisx 0
- B ch(zs= +qb) + 0(8) = 0,
From (6.31) it follows that
1 N 2 & n--1 n2
(8.12) ;E~[x(x)sh sX dx = = sh s« _2: (-1) =i
0 n="1, Vh

S0 that by substitution of this and the value of &« from (8.7) in
(6.11) we obtain

(8.13) p ch®(3s7 +qb) =(ch ab-1)8, - sgsh(%sm+qb){sh(%sw+qb)_sh%S§Se

where
00 2
S.14 8, = o shisw ) L
/]
TS - ) 2
and &
= 2s 1 Z: 7
(8.15) b = e ? o
o ™ ghisw L n'v&B

In order to facilitate future reference the approximate ex-
pression (8.6) for $(x,0) will be denoted by Z(p) viz.

e =l 1_ s g o _2_
(8.16) Z(p) 92 sh(zscigb)-shisx
a ch(3s=+qb)

We note that this approximation gives the correct analytic result
if £ =0 (cf. 7.2). The approximation holds in particular if p—+0.
So far we have considered the mom-ntary disturbance

o

(

If now the delta-function is replaced by an arbitrary time function
V = V(t) the Laplace transform of the elevation at the South coast

A7) U=0 V= -3(t).

can be approximated by

(8.18) §(x,0) 2 - V(p)Z(p).

The original may be found e.g. by the complex inversion formula
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(8.19) Y (0.0,8)w- g S e V(0)Z(p)ap,
where L is a sultable vertical path. The right-hand side of (8.19) ¢
be evaluated by means of the calculus of residues. There are poles

of V(p) depending of course on tho type of windfield and poles of
Z(p). The complex function Z(p) is regular at the origin and

(8.20) (0} = b,
Further there is a set of poles determined by chp =0 or

(8.21) s(3w+6b) = + (m+k) 7w, m=0,1,2,

For each value of m we obtain three poles, one rcal and negative
tying in the interval (-2,0) and two conjugate complex oncs with a
negative real part.

Qualitatively these poles correspond to the elgenvalues of the
problem. However, the deviations between corresponding poles and eigen-
values will be the greater according as the approximation (8.16) is
more inaccurate. The lowest real pole of Z(p) which is obtained from
(8.21) for m=0 may be expected to give a very good approximation to
the lowest real eigenvalue of the problem. This point will be taken
up later on in the numerical applications.

The approximation (8.16) may be interpreted in the following

,..{3

interesting way. If we expand 7(‘) in powers of o

(8.22) Z(p) = q~ {1 e P oe 2ﬁ+(esn“1)em3ﬁ+.‘.} ’

the first term on the right-hand side represents the direct disturbance
at the coast y=0. The second term represents the influence of the dis-
turbance from the ocean arising after b dimensionless time-units. The
third term is the reflection of the disturbance at the coast with
respect to the occan. The latter disturbance begins to act after 2b
time-units etcetera.

Finally we give an expression in the frictionless case A =0. Then

(8.23) Z(p) = {th (3482m+pb) -sech (L% +pb)shi saxl
Its original can be written down at once viz,
(8.24) z(t) = H(t) - 2shiaw H(t-b)-2 ™ y(4_op)4

+ 2shs.Qr H(t-3D)+...,

where H(t) is Heaviside's unit-function

)dgf Qi for -t &0
A M M o 5 s S G M

(8.25) H(t
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